We investigate the σ and ρ coupling constants for the DD and D * D * interactions, based on correlated 2π exchange in the DD and D * D * interactions. Starting from the DD → ππ and D * D * → ππ amplitudes derived in the pseudophysical region (4m 2 π ≤ t ≤ 52m 2 π ) with the S-and P -wave 2π correlations considered, we obtain the spectral function for the DD → DD and D * D * → D * D * amplitude with correlated S-and P -wave 2π exchange. Using the pole approximation, we estimate the DDσ, DDρ, D * D * σ, and D * D * ρ coupling constants. The results are compared with those of other models.
I. INTRODUCTION
Understanding exotic heavy mesons has been one of the most important issues in hadron physics (see, for example, recent reviews [1] [2] [3] [4] [5] ). In 2003, a charmonium-like state X(3872) was found by the Belle Collaboration [6] and subsequently was confirmed by other experiments [7] [8] [9] [10] . The mass of the X(3872) turns out to be slightly larger than those predicted by the heavy-quark potential models [11] [12] [13] [14] [15] [16] . Ref. [6] also measured the upper limit on the ratio of the partial decay widths Γ(X(3872) → γχ c1 )/Γ(X(3872) → π + π − J/ψ) < 0.89, which was very different from the predictions of Ref. [17] in which the decays of D-wave missing charmoniums were considered. Though there was an argument that the X(3872) is still a 1 3 D 2 charmonium state [18] , these discrepancies led to various theoretical interpretations on the X(3872). It can be regarded as a tetraquark state [19] [20] [21] or as a hybrid exotic state [22] . It is also plausible to consider it as a molecular state of D andD * mesons [23] [24] [25] [26] [27] , since its mass is very close to the sum of the masses of the D and D * mesons.
In addition to the X(3872) meson, a number of new heavy mesons has been experimentally found over the last decade (see, for example, glossary of exotic states summarized in Appendix of Ref. [3] ). Many of them can be regarded as molecular states. While the pion exchange is a main ingredient for the description of those exotic mesons as molecular states, the σ meson exchange may come into play, since it provides a certain attraction to make two heavy mesons such as D (D * ) andD * (D * ) bound. However, the coupling constants for the DDσ and D * D * σ vertices are not much known both theoretically and experimentally, so that these couplings have been estimated by using either the nonlinear sigma model or quark models [28, 29] . Moreover, the D * D * σ coupling constant was taken to be the same as the DDσ one in many theoretical works with the heavy-quark spin symmetry assumed. On the other hand, the σ exchange in the N N interaction is known to be a parametrization of the correlated 2π exchange, based on the pole approximation [31] [32] [33] , which approximates the broad mass distribution of the σ meson to a sharp mass. This σ-exchange contribution has been an essential part of providing the strong attraction in the intermediate range of the N N potential. In fact, the S-wave correlated 2π exchange has been employed in predicting the DD and BB bound states [34] already. Since one π exchange is not allowed between the pseudoscalar heavy mesons, σ exchange plays a crucial role in examining the bound states of the DD and BB system. Similarly, ρ-meson exchange can be also regarded as a parametrization of the correlated 2π exchange in the P -wave (vector-isovector) channel [32, 33] .
In the present work, we derive the five different coupling constants: g DDσ , g DDρ , g D * D * σ , g D * D * ρ , and f D * D * ρ . The schematic diagram for the correlated 2π exchange in the DD and D * D * interactions is drawn in these coupling constants, we first formulate the off-shell DD → ππ and D * D * → ππ amplitudes in the pseudophysical region (4m 2 π ≤ t ≤ 52m 2 π ), where t is the total energy squared in the center of momentum (CM) system, using the effective Lagrangians. Then, we combine the off-shell amplitudes with the off-shell ππ amplitudes evaluated within the Jülich ππ model [35, 36] but modified in a covariant way. The model described very well the phase shifts of ππ scattering in both the scalar-isoscalar and vector-isovector channels. The technique is basically the same as shown in Ref. [33, 37] . The two-body unitarity allows one to construct the spectral functions for the DD and D * D * amplitudes. Having derived these spectral functions, one can directly compute the coupling constants listed above by using the dispersion relation.
The present work is organized as follows: In Section II, we show how to derive the spectral functions from which the coupling constants can be determined. In Section III, we discuss the present results in comparison with those of other works. The last Section is devoted to summary and conclusion.
II. GENERAL FORMALISM
A. DD → ππ and D * D * → ππ amplitudes
We start with the effective Lagrangian from HQET [38] [39] [40] [41] 
where the heavy meson field H b is given as
and the the axial-vector field A µ ba is expressed as
with the pseudoscalar meson field M
The Dirac conjugate of the heavy meson field H a is written as H a = γ 0 H † γ 0 . The Lagrangians for P P * M and P * P * M couplings are then
where f π denotes the pion decay constant f π = 132 MeV. Note that the parity conservation does not allow the DDπ vertex.
π(k 1 ) π(k 2 ) Using Eq. (5), we can compute the Born amplitudes for the DD → ππ and D * D * → ππ processes. The corresponding Feynman diagrams are given in Fig. 2 . As for the DD → ππ process, we need to consider only D * -meson exchange, whereas we have to consider both D-and D * -meson exchanges for the D * D * → ππ process. As depicted in Figs. 2 and 3, p 1 andp 2 stand for four-momenta for the initial D (D * ) andD (D * ) mesons, andk 1 and k 2 are those for the final pions, respectively. In the CM frame, they are expressed as
π(k 1 ) π(k 2 )
The conservation of the total momentum is given as
The Mandelstam variables in the t channel are defined as
where t is just the squre of the total energy while s represents the squre of the momentum transfer. Since we are interested in the pseudophysical region and want to combine these Born amplitudes with the ππ rescattering amplitude, we have to consider the off-mass shell pion states. Thus, we need to take into account the virtual momenta of the two pions, i.e.,
Since we will use the DD → ππ (D * D * → ππ) amplitudes to derive the spectral functions of DD → DD (D * D * → D * D * ) with 2π unitarity, we need to consider the off-mass shell momenta for pions. The sum of all the Mandelstam variables are expressed in terms of the masses of D and π
with the conservation of the total momentum. Let θ be the angle between p and k. Then,
The invariant amplitudes for the DD → ππ process are given as
Similarly, those for the D * D * → ππ process are obtained as
The total amplitude can be generically expressed in terms of the iso-symmetric amplitude M + and the iso-
where
Note that the isospin amplitudes for J = 0 and J = 1 are respectively related to M (+) and M (−) as in the case of the NN → ππ amplitudes [33, 42] 
In order to compute the amplitudes given in Eqs. (13) and (14), we have to introduce the form factors at each vetex. We employ a Gaussian-type form factor defined as
where M ex represents either the mass of D meson or that of the D * meson. Λ ex denotes the cutoff mass corresponding to the exchange particle. In Ref. [33] , the value of the cutoff mass Λ N (Λ ∆ ) was taken to be around 1.5 GeV (1.7 GeV) when the spectral functions for the N N σ and N N ρ coupling constants were investigated. However, the masses of the D and D * mesons are approximately two times larger than the nucleon or the ∆ isobar, the values of the cutoff mass for the DDπ and D * D * π vertices should be taken to be larger than those for the N N π and N ∆π ones. In fact, a recent work on the electromagnetic form factors of the heavy baryons [43] has shown that the heavy baryon is a much more compact object in comparison with the proton. It indicates that the cutoff mass of the parametrized heavy-baryon electric form factor should be larger than that of the proton at least by about a factor 1.6. Thus, we will use the values of the cutoff masses Λ D = 2.5 GeV and Λ D * = 2.8 GeV in the present work. Moreover, if one uses smaller values of the cutoff masses, one can not get correct results for the form factors corresponding to the coupling constants in the physical t region (t ≤ 0). As far as an explicit form of the form factors is concerned, one could utilize the well-known monopole-or dipole-type form factor. However, we find that such types of the form factors do not suppress enough the Born amplitudes as the total energy increases. For example, the Born amplitudes for the D * D * → ππ process given in Eq. (14) has a strong dependence on t. In particular, the second terms in the s-and u-channel amplitudes contain the four momenta in the numerator, which make the amplitudes strongly enhanced as t increases. To tame this behavior, we employ the Gaussian-type form factors.
B. Rescattering equation and spectral functions
Once the off-shell Born amplitudes have been evaluated, the next step is to compute the rescattering equation that combines the off-shell DD → ππ and D * D * → ππ amplitudes with the off-shell ππ amplitudes. As shown in Fig. 4 ,
we need to incorporate the ππ interaction in the course of the DD → ππ and D * D * → ππ processes. This can be achieved by considering the Blankenbecler-Sugar (BS) equation [44] , which was derived by the three-dimensional reduction of the Bethe-Salpeter equation:
Since we consider only the scalar-isocalar (J = 0, T = 0) and vector-isovector channels (J = 1, T = 1), which will provide the DD(D * D * )σ-and DD(D * D * )ρ-meson coupling constants respectively, we can make a partial-wave expansion of the amplitudes so that we get for the partial-wave amplitudes for J and T the partial-wave rescattering equation
where τ ππ JT denotes the off-shell ππ amplitudes, which were taken from the Jülich ππ scattering model [35, 36] . The model describes very well the experimental data on the ππ phase shifts.
Next, we consider the unitarity of the S-matrix, i.e.,
Since the S-matrix for two-body processes is expressed in terms of the M-matrix or invariant amplitude
we can get the unitary relation:
which implies that
where the summation runs over the 2π states, which is often called two-body unitarity. More explicitly, we can write it as
Since we consider the two-body intermediate states, the unitarity relation can be explicitly written as
Note that 1/2! is introduced because of the same two particles in the intermediate states.
Having carried out the integrals, we obtain
Taking into account the isospin factors, we find the following relation
In fact, we need to make a partial-wave expansion in the unitarity relation, since we want to extract the scalarisoscalar (σ) and vector-isovector (ρ) channels from the DD → DD and DD → ππ amplitudes. Since the particles involved are all pseudoscalar particles, we can expand the amplitudes as
Thus, we obtain the spectral functions for the DD amplitude ρ (±)
Note that we have to subtract the Born amplitudes from Eq. (30), i.e., the spectral function is in fact defined as
Using the dispersion relation, we find the DD amplitude with correlated 2π exchange as
Here, we have suppressed the spin structure for the vector-isovector (ρ) channel. Since D * is a vector meson, the partial-wave expansions of the D * D * → ππ and D * D * are more involved because of the spin. Thus, we present the detailed calculation of deriving the spectral functions for the D * D * amplitudes in Appendix A. The explicit expressions of the spectral functions for the D * D * channel are given as follows:
where the definitions of p ± i can be found in Appendix A. The DD amplitudes with correlated 2π exchange can be obtained by the dispersion relations, which are similar to Eq. (32).
C. σ and ρ coupling constants
In order to determine the DDσ, DDρ, D * D * σ, and D * D * ρ coupling constants, we need to compute the DD and D * D * amplitudes by using the effective Lagrangians given below
where σ and ρ µ denote the σ-and ρ-meson fields. We want to mention that for the DDσ and D * D * σ Lagrangians, we need to introduce an additional dimensionful parameter, i.e., the masses of the D and D * mesons, respectively. Here, the D and D * mesons are not the scaled fields, which are different from P and P * fields by the scaling factors (M D ) −1/2 and (M D * ) −1/2 , respectively. As for the D * D * ρ vertices, we have two different coupling constants, i.e., the vector coupling constant g D * D * ρ and the tensor coupling constant f D * D * ρ , which will be also determined in the present work.
Using the effective Lagrangians in Eq. (34), we obtain the invariant amplitudes for the DD → DD and D * D * → D * D * processes as follows:
where λ i stand for the helicities of the corresponding D * mesons in both the initial and final states. A µναβ , B µναβ and C µναβ denote the spin projection operators, which can be also found in Appendix A.
The coupling constants are then derived by the following expressions
If we take the pole approximation for a spectral function, for example,
we reproduce all the amplitudes obtained from the effective Lagrangians. Thus, the expressions given in Eq. (36) provide the coupling constants for the DDσ, DDρ, D * D * σ, and D * D * ρ vertices. However, there is a caveat. Since the σ meson has a very broad mass, one has to examine the dependence of the coupling constants on the mass of the σ meson. Note that when we perform the integrals in Eq. (36) we take the upper limit to be 52m 2 π , which was usually done in the case of N N interaction. In fact, it is well known that the contributions from the spectral functions at higher t are rather small, when one considers the σ and ρ meson channels.
III. RESULTS AND DISCUSSION
To compute first the off-shell DD → ππ amplitudes in the pseudophysical region, we need to determine the coupling constants for the DD * π and D * D * π vertices. we use the value of the g DD * π determined by the CLEO Collaboration [45, 46] . The g DD * π is related to the coupling g in the effective Lagrangians in Eq. (5) as follows:
which can be found by using the decay rate of the D * meson. The strong coupling g is known to be g = 0.59. We will use in this work the value determined by the CLEO Collaboration g DD * π = 17.9. Assuming that the heavy-quark spin symmetry, we use the same value for the g D * D * π . If one considers the mass difference between the D and D * mesons, g DD * π would become 17.3. As we have already discussed in the previous Section, we take the numerical values of the cutoff masses as Λ D * = 2.8 GeV and Λ D = 2.5 GeV. The results depend marginally on the values of the cutoff masses. The uncertainty, which arises from the cutoff masses, is about 20 %. Then we can proceed to compute numerically the spectral functions for the DD and D * D * amplitudes with correlated 2π exchange, which are expressed in Eqs. (31) and (33) .
In the left panel of Fig. 5 , we draw the result of the spectral function ρ (+) 00 , of which the expression is given in Eq. (31). Its broad shape arises from the resonance of the σ meson with the large width. We see that the spectral function falls off after around t = 18m 2 π and then become negative from t = 30m 2 π , which is similar to the case of the NN interaction [33] . Since the width of the σ meson is rather large, one should consider the dependence of the DDσ coupling constant on mass of the σ meson, m σ , which will be explicitly shown later. The right panel of Fig. 5 shows the result of ρ (−) 11 given in Eq. (31) , which yields the g DDρ coupling constant. We observe that ρ (−) 11 becomes negative from around t = 40m 2 π , which is again similar to the NN case in the ρ channel [33] . In the left panel of Fig. 6 , we depict the result of the spectral function for the D * D * case in the σ channel. It looks different from the corresponding DD case. The reason is that the Born amplitudes for the D * D * → ππ have a rather strong dependence on t. Since we subtract the modulus squared of the Born amplitudes to avoid any double countings that arise from the whole 2π exchange (see, for example, Eq. (31)), the D * D * spectral function ρ (+),1 00 becomes negative already from around 20m 2 π . In the right panel, we draw the result of ρ (−), 1 11 , which is defined in Eq. (33) . It will provide the vector coupling constant g D * D * ρ .
In the left and right panels of Fig. 7 , we present the numerical results of the spectral functions ρ (−), 2 11 and ρ (−), 3 11 , respectively. They are less affected by the subtraction of the Born terms, compared to the results of ρ We are now in a position to determine the σ and ρ coupling constants for both the DD and D * D * channels. Having carried out the integrals in Eq. (36), we obtain the results of the five different coupling constants, g DDσ , g DDρ , g D * D * σ , g D * D * ρ , and f D * D * ρ coupling constants. We list the corresponding results. In Table I , we list the results of the coupling constants in comparison with those from Refs. [28, 29] . Since there is no information on the DDσ coupling constant, the nonlinear sigma model has been often employed to determine g DDσ . Moreover, the coupling constant g D * D * σ was naively set equal to g DDσ , the heavy-quark spin symmetry bein assumed. However, it is well known from the N N interaction that σ exchange arises from a pole approximation of correlated S-wave (scalar-isoscalar) 2π exchange [31] [32] [33] . Thus, one should consider the correlated 2π exchange in the scalar-isoscalar channel, in order to determine both the DDσ and D * D * σ coupling constants. As shown in Table I , we already find that the values of g D * D * σ turn out different from those of g DDσ . In fact, the magnitude of g D * D * σ is approximately two times larger than that of g DDσ . Furthermore, there is no consensus on the values of both g DDσ and g D * D * σ . The present result of g DDσ is close to that of Ref. [29] , whereas it is almost three times smaller than that used in Ref. [28] . On the other hand, when it comes to the value of g D * D * σ , it is other way around. the present result is similar to those of Ref. [28] , while it is approximately three times larger than that of Ref. [29] .
The DDρ and D * D * ρ coupling constants are usually determined by using the vector-meson dominance [47] . Interestingly, Refs. [28, 29] do not agree on the values of the ρ-meson couplings each other, even though they use the same vector-meson dominance. In particular, when it comes to the tensor coupling constant f D * D * ρ , they differ by about 2.5 each other. It indicates that no clear consensus exists in the values for the ρ-meson couplings. The ρ-meson couplings do come yet from the correlated 2π exchange in the vector-isovector channels. The present result for the DDρ coupling constant lies between that of Ref. [28] and that of Ref. [29] and is comparable each other. The present value of the tensor coupling constant f D * D * ρ is smaller than those of Ref. [28, 29] . In particular, it is approximately three times smaller than that of Ref. [29] .
Since the σ-meson has a broad mass distribution, it is rather difficult to determine its precise mass, m σ . Thus, it is of great importance to see if the σ coupling constants are sensitive to the value of m σ . The left and right panels of Fig. 8 depict the dependence of g DDσ and g D * D * σ on the σ-meson mass, respectively. The values of g DDσ and g D * D * σ increase mildly as m σ increases. Thus, the mass dependence of the σ couplings can be safely neglected. 
IV. SUMMARY AND CONCLUSION
In the present work, we derived the five coupling constants, i.e., the DDσ, DDρ, D * D * σ, vector and tensor D * D * ρ coupling constants, based on the correlated 2π exchange in both the scalar-isoscalar and vector-isovector channels. We first computed the off-shell DD → ππ and D * D * → ππ amplitudes in the pseudophysical region, which is defined in the range of 4m 2 π ≤ t ≤ 52m 2 π . Then we combined these off-shell Born amplitudes with the off-shell ππ amplitudes that was constructed within the framework of the meson-exchange model known as the Jülich ππ model, using the Blankenbecler-Sugar rescattering equation. Employing the two-body unitarity, we were able to evaluate the spectral functions of correlated 2π exchange for the DD and D * D * interactions. The DD and D * D * amplitudes with correlated 2π exchange were derived by the dispersion relations. The numerical results of the coupling constants were obtained and were compared with those of other works. We also examined the dependence of the σ couplings on the σ-meson mass.
The present results can be used in any one-boson exchange model for the description of the exotic heavy mesons as weakly bound molecular states such as the X(3872) exotic mesons. Though the two-boson exchange may be considered to be small, the effects of the correlated 2π exchange can play a very important role in understanding those exotic mesons. In particular, considering the fact that the σ-meson exchange is the main source for the attraction between heavy mesons such as D and D * , the determination of the σ couplings will be rather useful. We can determine the σ and ρ couplings for the other processes such as the D 1D * and D sD * interactions. The corresponding works are under way.
In the t channel, they can be reexpressed as
